Supplementary Material to the article

“Influence of active loop extrusion on the statistics of triple contacts
in the model of interphase chromosomes”

1. Diagram (1). Consider diagram (1) from Fig.2(1) in the main text, which corresponds to the scenario
when there are no loop bases between points i and j. Due to the Markov property of Gaussian chain, vectors
R, and Ry are statistically independent, and, taking Eq. (6) from the main text into consideration, we conclude
that marginal probability distribution of Ry is equal t0 Ppee(Ra|$2). Therefore, conditional contact probability
for diagram (1) is given by

(1) 6 a\® 1
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As it was indicated in the main text, the angle brackets in Eq. (4) denote averaging over the statistics of
random loops. To perform this procedure, it is necessary to know the probability densities of random variables
{A};, which parametrize the contributions coming from various classes of diagrams. Since the expression for
pﬁ)‘u (s1,82) does not include any loop parameters, in the case of the diagram (1), the corresponding averaging is
reduced to the multiplication of the expression (1) by the probability of encountering such a diagram. In short,
we need to find the probability that there will not be a single loop base between two randomly selected points of
the chain separated by the contour distance s; + so.

To derive the statistical weight of this and all subsequent diagrams, consider a Markov jump process with two
states “Loop” and “Gap” , for which time intervals are measured in units of the contour length of our polymer
chain, and transitions from one state to another occur with the rates a; = A= and ay; = d=1. It is clear that the
statistics of contour lengths of alternating loops and gaps are equivalent to the statistics of time intervals that
such a Markov process spends in the “Loop” and “Gap” states in the course of its stochastic dynamics. Based on

this simple analogy, we can express the probability of encountering the first diagram as follows:
w M (51, 89) = Tgap Prlh1 > 51 + s3], (52)

where 7g,p, is the probability to find the statistically stationary Markov process in the state “Gap” at arbitrary

point in time, h; — the time after which the process first enters the “Loop” state.
s1+sg

Since Mgap = dJrLA and Pr[h > s1 + s2] = f—:fw dh1pgap(h1) = e~ —<a , then
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where we performed an expansion by the parameters A\/d < 1, s1/d < 1 and s2/d < 1, keeping only linear
corrections to the main contribution.

So, averaging the contribution of diagram (1) to conditional contact probability over statistical weight of this
diagram yields
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2. Diagram (2). In the case of diagram (2) vectors R; and Ry are also statistically independent, so marginal
probability distribution of the vector Ry is equal to Pgee(Raz|s2). Therefore, conditional contact probability is

given by
3
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Statistical weight of diagram (2) is equal to

W(Q) (LlSl,Sg) = ﬁgapPT[O < hy <81 — L]ploop(L)PT[hQ > 81+ 89— L — hl], (86)
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where h; is the time after which the Markov process described in the previous section will first enter the “Loop”
state provided it was in the “Gap” state at the initial moment, L is the period of time that the process will then
spend in the “Loop” state, ho is the period of time, which the process will be in the “Gap” state after exiting the
“Loop” state.

. o s1—L
Since Tgap =

#d/\, PT[O < h1 < 81— L] = Jo dhlpgap(hl) and PT[hQ > 81 + 8o — L — hl] =

f;iosr Loh dhopgap(h2), then in the linear approximation with regards to small dimensionless parameters

Ad<1,s/d<1and sa/d < 1 we get

81—L

——Poop(L)- (57)

W(2)(L|51, S9) & y

In order to average the contribution of diagram (2) over loop disorder, we should integrate

pﬁ)‘ij(sl, 59, LYW®)(L|sy,s3) over L from 0 to s1, so
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3. Diagram (3). For the third diagram, vectors R; and Ry as in the previous examples are statistically in-
dependent from each other, so the marginal probability distribution of the vector Ry is equal to Peee(Rals2 — L).
The latter is due to Eq. (3) from the main text and the observation that due to the Markov property of a linear
Gaussian chain with free ends, the effect of a loop on this diagram is reduced to a decrease in the effective contour
distance between the points j and k. The contribution of the diagram (3) to the conditional contact probability,
thus, has the form
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By analogy with the previous diagram, the statistical weight of this diagram in a linear approximation by the
parameters \/d < 1, s1/d < 1 and sy/d < 1 is equal to
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Averaging the contribution of the diagram (3) over the length of the loop yields
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4. Diagram (4). Let us move on to a more sophisticated scenario corresponding to the diagram (4). Let ry
be the vector connecting the point i to the base of the loop, ra be the vector connecting the base of the same
loop to the point j, and finally rs be the vector connecting the base of the loop to the point k. Due to the
Markov property of the Gaussian chain, these vectors are statistically independent from each other, and, taking
into account Egs. (2) and (3) from the main text, we can conclude that they have normal statistics with the
marginal probability density functions Pree(ri|s1 — 1), Peoil(r2|l1,l1 + l2) and Prec(rs|se — l2), respectively. In
this subsection /; and lo are lengths of segments of the loop which are portrayed at Fig. 2(4) from the main text.

The joint distribution function of the random vectors Ry and Ry can be calculated as

P (Ra, Rally, o, 51, 52) = (6(Ra — 11 — 12)0(Ra — 15+ T2))ey r, = (S12)
:/d37“1/d37“2/d37“35(R1—1'1—P2)5(R2—I‘3+I'2)Pfree(1'1|81—ll)Pcoil(r2|ll7l1 +12) Prree(r3]se —l2) = (S13)

= /d3r2pfree(R1 —ra|s1 — 1) Peoit(r2|l1, 11 + 12) Prree(R2 + 12|50 — I2) = (S14)

1

X
(8m30% col51 — LiloZyylly, Iy + la]of. . [s2 — 1a])3/2

2



x /d3r2 exp( Ry —ra)” rz (R +ro)° ) . (S15)
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Thus, the partial distribution function of the vector R; is equal to
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(516)
From equations (S15) and (S16), and Eq. (5) from the main text, we obtain conditional contact probability
for diagram (4):
3 2 3/2
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Let us express the lengths of the loop segments as [y = s; — hy and Il = L — s1 + h1, where L is the total
contour length of the loop, hy is the contour distance from the point ¢ to the base of the loop in Fig.2(4) from
the main text. In addition, we denote by ho the contour distance from the base of the loop to the nearest loop
lying to the right of the point k. In terms of variables L and hq, the statistical weight of the diagram (4) is equal
to

W(4) (L, h1|81, 52) = Wgapploop(L)pgap(hl)Pr[hQ > 851+ 80— L — hl] (818)
. d Foo _s1tsa—L—hy . .
Since Tgap = x5a- Prihg > s1+ 82— L—hy] = i dhopgap(ha) = € a , then in the linear

s1+s2—L—h1
approximation by the parameters A\/d < 1, s1/d < 1 and s3/d < 1 we obtain

1
W (L, hylsy, s2) = ZPloop(L)- (S19)
In order to average the contribution of the diagram (4) over the disorder of loops, it is necessary to integrate
the product pﬁ)lij (s1,82,81 —hi,L—s1+ hl)W(4) (L, h1]s1,82) over hy from max(0, sy — L) to min(sy, $1+ 82 — L)
and over L from 0 to s; 4+ s2. This choice of integration limits is dictated by the fact that for the given values of
L and h; the point j should lie on the loop, while the points ¢ and k£ should be outside the loop. So

(pﬁ)ﬁj (51,582,851 — h1, L — 51+ h1))1oops =

S1+s2 min(sy,s1+s2—L)

= / dL / dh1p§;l€)|ij(51582751 - h17L_ 51 +h1)W(4)(L7h1|51’82) = (820)
0 max(0,s1—L)
S14+89 min(sy,s1+s2—L)
6/ a\?1 s1L — (51 — h1)? 507
= -\ 7 ] deloop(L) dhl '
\la) d s2(s1 — hi)hy + 51(L — 51+ h1)(s2 — L+ s1— hy)
0 max(0,s1—L)
(S21)

5. Diagram (5). Due to the Markov property of the Gaussian chain, the vectors R; and Ry in the case of
diagram (5) are statistically independent from each other, and by taking into account Eq. (2) from the main text,
we can conclude that the marginal probability density function of the vector Ry is equal to Pree(Ra|s2). Thus,
the conditional contact probability for the diagram (5) has a simple form

(5) 6 (a\® 1
Pyr)i; (51582, 1, 12) = \/; (g) T (522)
2

Let us express the lengths of the loop segments indicated in Fig.2(5) from the main text as Iy = ¢L,
lo = (1 — q)L, where L is the total contour length of the loop, ¢ is the ratio in which the point ¢ divides
the loop. In terms of a pair of variables L and ¢, the statistical weight of the diagram (5) is equal to

- L
W(O) (La q|51; 52) = 7TloopXploop(L)p(q)]gr[hl > s+ 1 + S92 — (1 - q)L]v (823)
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where To0p is the probability that the statistically stationary Markov process introduced in section 1 is in the
“Loop” state at an arbitrary moment of time (that is, using the language of the original polymer model, this is
the probability that the point ¢ lies on a loop), %ploop(L) is the probability density function of the total time
that the process will spend in the “Loop” state during the current visit (that is, it is the probability density of the
length of the loop on which the point 4 lies), hy — the time after which the process, after leaving the “Loop” state,
will return to it again (that is, the contour distance from the base of the loop in the Fig. 2(5) from the main text
to the nearest loop 1ying to the right of the point k), p(q) is the distribution function of a random variable g.
Since Toop = d+—/\ and p(q) = 0(q)0(1 — q), where 6(q) is the Heaviside function, and Pr[hy > s+ 1+ s2 —

(1-q)L] = f;io+32—(1—q)L dh1Dgap(h1), then in the linear approximation by the parameters A\/d < 1, s1/d < 1
and s2/d < 1 we obtain

L

Eploop (L)H(q)e(l - Q)- (824)

In order to average the contribution of the diagram (5) over the disorder of loops, it is necessary to integrate
the product pﬁ)‘ij(sl, s2,qL, (1 — q)LYW®)(L, q|s1, s2) over ¢ from max(0, 1 — 2) up to 1, and over L from 0 to
+00. This choice of integration limits is dictated by the fact that for the given values of L and ¢, the point ¢

should lie on the loop, while the points j and k£ should be outside the loop. Therefore

WL, q|s1,50) ~

+o0 1
<p§2)|zj (s1,52,11,12) 100ps = / / dqp]km s1,82,qL, (1 — Q)L)W(5) (L, qls1,82) = (S25)

max(0,1— 1)

+oo
6 ([ a
= \/; (E) 3/2 d / LLp]oop + S1 / delOOp (L) . (826)
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6. Diagram (6). For the diagram (6), vectors R; and Ry are statistically independent from each other. Let
us denote by ry the vector connecting the point j to the base of the loop in Fig.2(6) from the main text, and
by re — the vector connecting the base of the loop to the point k. Due to the Markov property of the Gaussian
chain, the vectors ry and rs are statistically independent, and taking into account Egs. (2) and (3) from the main
text, we can conclude that they have normal statistics with the marginal probability densities Preo(r1]s2 — l2)
and Peoii(ra)le, 1 + l2), respectively. In this subsection, I; and Iy are the lengths of the loop segments shown in
Fig.2(6) from the main text. The marginal distribution function of the vector Ry can be calculated as

P (Rals1, 52,11,12) = (8(Ra — 1 = 12))e, r, = (S27)
= /dSH /d3T25(R2 —r1 — r2)Pree(r1]52 — l2) Peoit(ra|le, l1 + 12) = (528)
/d 71 Piree(r1]82 — l2) Peoit (R2 — r1]l2, 11 + 12) = (529)
1 R2
exp . S30
(47TD(32 — s+ l1112 ))3/2 < 4D(sg —l2 + lllﬁz)> (530)

Therefore, the conditional contact probability is given by

3 3/2
(© ) =2 (L) (=t 531
pjk\w(sl’SQ’ 1,12) ™ (leff sa(ly +12) — 13 ' S

Let us express the lengths of the loop segments as I; = L — s; — so + hy and lo = s1 + so — hy, where L is
the total contour length of the loop, h; is the contour distance from the point ¢ to the base of the loop in the
Fig.2(6) from the main text. In terms of a pair of variables L and hq, the statistical weight of the diagram (6) is

w©) (L, hils1, s2) = TgapPgap (P )Ploop (L). (S32)
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If \/d < 1, s1,82 < d, then the following approximate expression can be used in subsequent calculations

1
WO (L, h|sy, s2) & Ploop(L). (S33)

The contribution of the diagram (6) averaged over the disorder of loops is given by

s1t+82 +oo
<p§'?c)|ij(51’52’ll’l2)>100Ps = / dhl / deg-i)lij(Sl,SQ,L* S1 — 82 +h1,51 + 89 — hl)W(G)(L,h1|51,82) =
s1 s1+s2—hi
(S34)
s1+S2 400
6(a\’1 L 32
~JE (AN [ dLproop(L . S35
\/;<leff) d / ' / Pioop )<82L_(81+82—h1)2> (535)
s1 s1+s2—hi

The choice of integration limits in the last formula is due to the requirement that for the given values of L and
h1, the point k must lie on the loop, while the points ¢ and j must be outside the loop.

7. Diagram (7). Let r; be the vector connecting the point j to the base of the loop in Fig.2(7) from the
main text, and ry be the vector connecting the base of the loop to the point k. It is clear that the vector ry is
statistically independent from the vectors r1 and Ry, and its probability density has the form Ppec(ra|s1 +s2—12).
In this subsection, I3 and Iy are the lengths of the loop segments shown in Fig. 2(7) from the main text.

The vectors r; and R4 are not statistically independent from each other, since they connect points belonging
to the same loop. Using the analogy between the conformation of an ideal polymer and the trajectory of a random
walk, the joint distribution function of these vectors can be expressed as

p(Rl,I‘1|l1, ls, 51) = G[R(Sl) = Rl,R(lQ) =R;+ I‘1|R(0) = O,R(ll + 12) = 0] = (836)

= G[R(lg) =R +I’1|R(81) = Rl,'R,(O) = O,R(ll +12) = O]G[R(Sl) = R1|R(O) = O,R(ll +12) = 0] = (837)
= G[R(lg) =R+ I‘1|R(51) =Ry, R(ll + ZQ) = O]G[R(Sl) = R1|R(0) = O,R(ll + ZQ) = 0], (838)

where R(t) is the displacement vector of a Brownian particle having diffusivity D = [2;/6 during the time ¢,
and GJ...|...] denotes the probability distribution of the particle displacement at one or more time points, under a
given set of conditions. The resulting expression directly follows from the definition of the conditional probability

and form the Markov property of Brownian motion.
For the probability distributions entering Eq. (S38) we find

o Pfree(r1|12 - Sl)Pfree(*Rl - r1|ll)

GR(l:) =R1+1r1|R =R, R(l1 +13) =0] = = S39
[R(l2) = R1 +11|R(s1) = R1, R(ly +12) = 0] Preoc(—Ralli + 1o — 51) (S39)
_ li+1la—51 3/2 exp | — (Rl + I'1)2 _ I‘% + R% : (840)
47TDZ1(12 — 51) 4Dll 4D(l2 — 51) 4D(ll + l2 — 81)
and
G[R(Sl) = R1|R(O) = O,R(Zl + 12) = 0] = Pcoil(Rllshll + l2) = (841)

— ( b+l )3/2 exp < (h + )Ry > (S42)
47TD81(Z1 + 1y — 81) 4D81(l1 + 1y — 81) '

Substituting Eq. (S40) and Eq. (S42) into Eq. (S38), one obtains

1+ 1o 3/2 (Rl + I'1)2 I'% R%
R l1,1 = — — — . S43
p( 17r1| 152 Sl) (167T2D25111(12 — 51)) oxXp 4D11 4D(lg — 51) 4D81 ( )

The joint probability distribution of the random vectors R; and Ry can be calculated as
P (R1,Rall1, g, 51, 59) = /dSH /d37“25(R2 — 11 —T2)Prec(ra]s1 + s2 — l2)p(Ry,r1l1, 12, 51) = (S44)
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= /d3r2Pfree(r2|51 + S9 — lg)p(Rl,RQ — I‘2|ll,lg, 51) = (845)

I+ s 3/2 R?
_ _ . 546
(647T3D381l1(l2 — 81)(81 + S9 — l2)> exp 4Dsq ( )
2 2 2
Ri+ Ry —12) (Rg —rg)
e - T2 _ 4 - . S47
/ "2 exp < AD(s1 + 52 — I2) 4Dl AD(ly — s1) (547)

The marginal probability distribution of the vector R; has the form

I+l 3/2 (11 + lo)R2
PRy |s1,11,19) = Pooit (R 51,1y + In) = L - 1 . S48
1 (Rafs1, 11, 12) ((Rasy lh+12) <47TDS1(Z1 + 13— 51) exp 4DS1(Z1 + 13— s1) ( )

From Eq. (5) from the main text, and Eqs. (S47) and (S48), we find the conditional contact probability for
the diagram (7)

3 3/2
@ I, \/E @ ath—a 549
p k|ij (81’ 52,01 2) 7T \les 82(l1 + l2) + l2(251 — 12) — 81(81 + 82) ’ ( )

Let us express the lengths of the loop segments as I = gL, ls = (1 — ¢)L, where L is the total contour length
of the loop, ¢ is the ratio in which the point ¢ divides the loop. In terms of a pair of variables L and ¢, the
statistical weight of diagram (7) is

L
I/Vm(sl7 s2,L,q) = ﬂloopxploop(L)H(q)G(l —q)Pr[hy > s1+ s2 — lo], (S50)

where hy is the contour distance from the base of the loop in Fig.2(7) from the main text to the nearest loop
lying to the right of the point k. In a linear approximation by the parameters A\/d < 1, s1/d < 1 and s2/d < 1
we find

L
WD (s1,52, L) = Zpoop(L)0(@)0(1 ~ q). (851)

To average the contribution of the 7-th diagram over the disorder of loops, it is necessary to integrate the

product p(7) (51, 89,qL, (1 —q) L)W (L, q|s1, s2) over q from max(0, 1 — %) up to 1 — % and over L from s;

jklij
to 4+o00. This choice of integration limits is dictated by the fact that for the given values of L and ¢, the points ¢

and j should lie on the loop, and the point k — outside the loop. So

+oo 1_%
<p‘§,]7c)‘” (817525117l2)>100ps = / dL / dquﬂ)m (Sla 327qL7 (1 - q)L)W(7) (LaQ|51; 82) = (852)
S1 max(O,l—%)
s1+s2 I_STI
3 3/2
6 a 1 L— s
=4/=| — — dL dgL L + S53
Ve () a| [ o [ i) (G rrammn s a mam s o) (559)
S1 0
+oo -7
+ / dL /L dgL (L)( L—s )3/2 (S54)
/ e D\ T T ks - (oD s s |
S1T82 1731L52

8. Diagram (8). Since the diagrams (7) and (8) are equivalent up to the permutation of the points ¢ and k,
then

Ps(R1,Ra|l1,l2, s1,82) = Pr(—Ra, —Ri|l1, 12, 82, 51) = (S55)

I+ s 3/2 R2
= — . S56
(647T3D382l1(l2 — 82)(81 + S9 — l2)> exp 4D sy ( )
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2 2 2
3 _ ri _(Ri+Ry—r)°  (Ry—rmi)
/ d"ry exp ( AD(s1 + 52 — l2) 4Dl AD(lz —s2) ) (S57)

where [ and I3 are the lengths of the loop segments shown in Fig. 2(8) from the main text.
Next, comparing diagrams (6) and (8), we see that the partial distribution function of the vector Ry can be
expressed as

PV (Ras1, 52,01, 12) = PL” (Rasa, 51,11 + 52,15 — 52) = (S58)
B ( I+ 1o )3/2 o < (I1 + I3)R2 )
47TD(81(l1 + l2) + l2(252 — 12) — S%) P 4D(51(l1 + l2) + l2(252 — 12) — S%)

From Eq. (5) from the main text, and Eqs. (S57) and (S59), we find the conditional contact probability for
the diagram (8)

2 3/2
(8) l l _ Q g 3 81(11 +lg)+l2(252 7[2) 752 _
pjk\’éi(sl’SQ’ b 2) s (b) SQ[Sl(ll +12)+l2(282 —lg) —82(81 +82)] (860)

(S59)

_ §(2)3 <52[ s1L+ (s1 482 — h1)(s2 — 514 7) — 53 )])3/2 (S61)

Vo \b s1L+ (s1 4 s2 — h1)(s2 — s1+ h1) — s2(s1 + s2

Let us express the lengths of the loop segments as lo = s1 + so — hy and [y = L — s1 — s5 + hy, where L is
the total contour length of the loop in Fig. 2(8) from the main text, hy is the contour distance from the point i
to the base of this loop. In terms of a pair of variables L and hq, the statistical weight of the diagram (8) is

w®) (L, hils1, s2) = TgapPgap (h1 )Ploop (L). (S62)

If A\/d < 1, 81,82 < d, then an approximate expression can be used in subsequent calculations

1
WL, hys1, s2) = Eploop(L)- (S63)

To average the contribution of the diagram (8) over the disorder of loops, it is necessary to integrate the
product p§i)|ij (s1,82,81 + 82 —h1, L —s1 —s2+ hl)W(S) (L, hi|s1,s2) over L from s; + s — hq to +00 and over
hy from 0 to s;. This choice of integration limits is dictated by the fact that for the given values of L and h; the

points j and k should lie on the loop, and the point ¢ should lie outside the loop. So

s1 +oo
<p§‘i)‘ij(31752;l17l2)>100ps = /dhl / deéi)‘ij(ShS%S1+S2—h1,L—S1—S2+h1)W(8)(L7h1|S1,82) = (S64)
0 s1+s82—h1
_ \/g(i)sljldh 70 dL (L)( s1L+ (s1+ 52— h1)(s2 — 51+ ) — 53 )3/2 (S65)
o T leff d ] 1 . Ploop SQ[SlL + (51 + S — hl)(SQ — 81 + hl) — 82(51 + 52)] ’
s1+s2—h1

9. Diagram (9). In the case of the diagram (9) (see Fig. 2(9) from the main text) the random vectors Ry and
R are not statistically independent, since they connect the points lying on the same loop. The joint probability
distributions of these vectors can be represented as

P (Ry,Ra|L, 51, 55) = G[R(s1) = R1, R(s1 + s2) = Ry + RoR(0) = 0, R(L) = 0] = (S66)
= G[R(Sl + 52) =R;+ R2|R(Sl) = Rl,R(O) = O,R(L) = O]G[R(Sl) = R1|R(0) = O,R(L) = 0] = (867)
— G[R(s1 + 55) = Ry + Ro|R(51) = Ry, R(L) = 0]G[R(s1) = Ra|R(0) = 0, R(L) = 0],  (S68)

where L is the length of the loop, R(¢) is the displacement vector of a Brownian particle with a diffusion coeffi-
cient D = [%;/6 for the time ¢, and GJ...]...] denotes the probability distribution of the particle displacements at
one or more time points, under a given set of conditions.



For the probability distributions entering Eq. (S68), we find

_ Prree(R2|52) Piree(—R1 — Ra|L — 51 — $2)

G[R(s1 + s2) = Ry + Ro|R(s1) = R1, R(L) = 0] TR N = (S69)
_ ( L—s >3/2 exp (_ (Ri1 +R2)> R} R{ ) (S70)
47 Dsy(L — 81 — $2) AD(L —s1 —s2) 4Dss  4D(L — s1)
and
L 372 LR}
G[R(s1) = R1|R(0) = 0, R(L) = 0] = Peoit(R1|s1,L) = (m) exp (—m) . (ST71)

Next, substituting (S70) and (S71) into (S68), one obtains

L 3/2 (R; + R»)? R R?
PY Ry, Rs|L = T 2 S72
12 (R RalLosu o) =\ forma o7 =5 =5y ) P\ T ID@ =5, =50 1Dsy 1Ds; ) O

and

©) L 3/2 R%
Pl (R1|L; 31) = Pcoil(R1|31,L) = (m) exp <—m> . (873)

From Egs. (S72) and (S73) and Eq. (5) from the main text, we obtain the conditional contact probability for

the diagram (9) )
3 3/2

(©) )= \/E R R et S S74

pjk\ij(sh 52, ) T (leﬂ‘ SQ(L — 81 — 52) ' ( )

Statistical weight of the diagram (9) is equal to

L
WONL, qls1,80) = Tioop 3 Ploon(L)0(0)0(1 — ), (S75)

where ¢ is the ratio in which the point ¢ divides the loop. In the linear approximation by the parameter A\/d < 1
we find

L
WL, qls1, 52) = Zpioop(L)0(0)0(1 — q). (S76)

To average the contribution of the diagram (9) over the disorder of loops, it is necessary to integrate the
product pﬁ)‘ij (81, 2, L)W(g)(L7 q|s1, s2) over ¢ from 0 up to 1 — 51'}:82 and over L from s; + s to +o00. This choice
of integration limits is dictated by the fact that for the given values of L and ¢, all three points ¢ and j and k

must lie on the loop. So

+o0 1——51252
(p§?€)|ij(31; 52, L) )loops = / i / dquc)lij (s1,52, LYWL, qls1,50) = (S77)
81+82 0
3, T 3/2
1 L— L
)L ] ()
T \lefr d So L — 51— 89
s1+s2

10. Conditional contact probability. Contributions of the diagrams given by Egs. (S4), (S8), (S11), (S21),
(526), (S35), (Sb4), (S65) and (S78), after being substituted into Eq. (4) from the main text, yield Eq. (7) from
the main text, where

1

1 -
- - < Y AzoL
F(z1,20) =—21 — 20— 1+ z%/dL(l — L)Apioop(Az1L) + zg/dLM
0

(1—L)1/2 (579)



1+ 2L min(z—l'z—l-‘,-l—i)

z2 3 z2 7 z2 3 y Z—IE*(Z—I*B)2 3/2
+ 22 / dL / dhAproop(Az2 L P R < + S80
2 Pioop(Az2L) (2 —h)h+2(L—2 4+ h)(1—L+2 —h) (580)
0 HlaX(O;z—;—i) 2 2 2 2
1 +o0 I+ +o0 i 3/2
+ 22 / ALLAproop(A21L) + 22 | dLApioop(A21 L) + 22 / dh / dLAproop(A22 L) li ERERAT +
0 1 2 1+%7}~7‘ z2
(S81)
432 1% N 3/2
+ <22>3/2 2 / dL /Ld LAploop(Az1 L) L=l + (S82)
_ z q loo z = = =
7 ' / PRI (-l -(1-gl) F 1+ 2
400 - - 3/2
+(22)3/2 2 / di /L dgLAproop(A21 L) L=l / + 0 (S83)
— z z = = =
21 ! 4% Ploop A1 2L+(1-q)L2-(1—-qL)+1+4+ 2
1+2 1-+(1+32 ! 1
5 5 5 2 3/2
SR R e R &
+ 2 / dh / dLAproop(M21 L) | = e : . : + (S84)
' ? L+(1+2—h)(2—1+h)—2(1+2)
0 1+2-h
oo = 3/2
- A Azl (-
+ 23 / 4 ioep(A22L) (L - ﬁ) . (S85)
., AJL—-2 -1 %2
1+ 22

11. Marginal contact probability. The marginal contact probability between two pints j and k is given
by the following expression (see [39] in the main text)

6 (a\® 1 A /8o
pjk(SQ) = PT[RQ < a] = ; (le_ﬂ) SST (1 -+ Ef (T)) 5 (886)
where
/ 1+2L b LY2(L +2)
_ 2 7 7 2 7 7
[(z2) = —1—20+4 2 O/dL(l - £)1/2 Aploops()‘@L) + 25 1/ dL (ﬂ _ 1)1/2 )‘ploops()\zzL)~ (S87)






