Supplementary Material to the article

“Controlling the dynamic modes of a nanoscale superconducting interferometer”

In this supplementary material we derive the solution of
the second order inhomogeneous differential equation:

@+ap+(1+eCosuwyt + A))wie
= ig Cos(wgyT). (s1)

The general solution of the equation (S1) is the sum of
the general solution of a homogeneous equation and the
particular solution of an inhomogeneous equation:

(1) = Pgshe () + Ppsie (). (82)

We assume the general solution of the homogeneous
equation as Pgshe (1) = pe**Cos(wot) +
ve T Sin(w,T). After the substituting of ¢y, (7) into
the equation (S1) the following coupled linear
equations for the coefficients u and v were obtained:
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The compatibility of the solution of these equations
leads to specific values of exponential coefficients k in
the following form:
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As a result:

Pgshe (1) = (u1€*17 + pre*2") Cos(w,)
+ (M e*®
+ 2p2e*27) Sin(wo) (s6)
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Vi =~ Wi =mip, L=12. (S7)

Zwoki+w0a—w§§Sin(A)
We assume the particular solution of the
inhomogeneous  equation  (S1) as @ (T) =
ACos(wot) + BSin(w,t). The substitution of ¢, (1)
into the equation (S1) leads to the following coupled
linear equations for the coefficients A u B:
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We thus have:
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Next, we apply the initial conditions in order to
determine the coefficients u; and p,:

ttu, +A =i (S11a)
wo(M1pt1 + Mapt2) + Bwo + kypiy + kop, = 0. (S11D)
Solving equations (S11), we find p; and u, to be:
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Thus, the total solution of the equation (S1) takes the
following form:



@(1) = Cos(wor) (A + p1e*1" + pye'2")
+ Sin(wet) (B + nypyef1®
+ My 1pe*27). (514)

A non-resonant case.

Similarly, to the approach given in the resonant case,
we obtain an analytical solution of a second order
inhomogeneous differential equation in the non-
resonant case:

@+ ap+[1+eCos(2Qt + A) w3
= i,Cos(Q1). (S15)

The general solution of the equation (S15) is the sum
(S2) of the general solution of a homogeneous equation
and the particular solution of an inhomogeneous
equation. We assume the general solution of the
homogeneous equation as @ (1) = e’ Cos(Q1) +
pe**Sin(Qr). The substitution of @y (7) into the
equation (S15) leads to the following coupled linear
equations for the coefficients § u p:
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The compatibility of the solution of these equations
leads to specific values of exponential coefficients y in
the following form:
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In that way:
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We assume the particular solution of the
inhomogeneous equation (S1) as ¢, (7) = A et +
B,e~t After the substituting of ¢ _ (7) into the

equation (S15) the following coupled linear equations
for the coefficients A, and B, were obtained:
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We thus have
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It is more convenient to introduce new variables
defined by A, = 24, and B, = —2B,. In that case:

Ppsie(T) = AgCos(Q 1) + By Sin(Q 7). (523)

Next, we use the initial conditions in order to determine
the coefficients &; and 6,:



61 + 62 + AO = iS' (324a)
Q(X161 + dez) + B()Q + Y161 + YZ62 = 0. (52419)
from where follows:
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Thus, we obtained an analytical solution of the equation
(S15):

@(1) = (6:Exp(y17) + 6,Exp(y,T) + Ap)Cos(Q T)
+ (8101 Exp(y17) + 62 02Exp(y,7)
+ By)Sin(Q 7). (S27)



