Supplementary Material to the article “Generalized model of the
superconducting sigma-neuron”

I. THE GENERAL INVERSE MATRIX COMPONENTS OF A SIGMA NEURON EQUATION OF
STATE

The inverse matrix elements can be expressed as A, ! = (=1)P*9A,, /A, where A is the determinant of the
matrix || A||, and A, is a minor which is a determinant of a matrix obtained from ||A|| by deleting the g-th row
and the p-th column (see e.g. [1]). In the general case, the determinants are polynomials of the second (for Ay,
with ¢ =1, 2, or 3) or third (for A and Ay, with ¢ =4 or 5) degree in the inductance matrix components. The
ones needed for calculating the transfer function coefficients are written out below for reference purposes.

A= —114555 — lislaglas + lislaalos + 555113 — lisloslza + lislaalss 4 2l15l04l35 — lialaslss — lialaslss + lisloslaa
+ lislaslas + llzlz5 + 113125 — lislaalys — lislaslas — lisloalas + lialaslas — lialaslas + 225113145 — lislzalss
— lialsslys — lialzslas + lialoolss + Lialaslss + l1alaslss — lizloalss + lialoalss — laoli3lss — 2l24l13l55 + l12134055

+ lialsalss — li2laalss — liglaalss,

Ayy = 135 + 135 + 2loslas — loalss — 2loalss — laalss,

Ag1 = —135133 + 2035134 — l2al35 — 2104135 + 2la3laslss — 2laaloslss + 2laslzalss — 135140 — 135laa — 2l25l3514s
— laolis — 2a3l3s — lsslis — 2lasloslas + 2laaloslas — 2laslsslas + 2laslsalas + 2laalsslas + 2aslsslas + 2l2alsslas
+ 2l34l35l45 — 133155 — 154155 + 2lo3laalss + laolzslss + 2laalzalss — 134055 — 2laalzalss — 2la3lzalss — 2la4l34ls5
+ l22laalss + 2l23la4ls55 + I33laalss,

Avs = lislag + 2115024 — li2las — lialas + lislaa — li2las — lialss,

Ass = li5l55 + lisl3y — 2lislaslog + Lialoslas — Lialoalos — laglaslis + loaloslis — lisloalss — 2lislaalss + lialoslss
+ lialaslss + 115154 + 2li5l22l34 4 2115023134 + 2115124034 — 201215134 — lialoslzs — laslizlsa — lialoolss — lialaslss
— lialoslss + lialoalss — lialoalss + laalislss + 2l24l13l35 — lialsalss — lialsalss — lislaolaa — 2115193144 + l12l25l4a
+ lasl13laa — lislsslaa + lialsslas + lislsslag + lialoolas + lialaslas + 2l1aloslas — lialaalss — la2lislas — laslislas

— laaliglys + li2l3slas + Lialsslas — lialzalas — li3l34lss.

II. SIGMA NEURON TRANSFER FUNCTION COEFFICIENTS IN THE FIRST CASE

In the first case (see Section 3.1 in the main text) the determinant of the matrix || A| contains 3 terms, which
can be grouped as follows:
m; .
A = ~[loutlsq = MueMin — —lalsg = —[lGulsqlmin —
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Tlalsq = _T(zl:;ut + ZG)ZSQ’ (Sl)

where 15, = lout — m2,;/lsq is introduced. The minors Aq; and As; have 3 and 5 terms respectively. Using 1%,
one can write them in a compact form:

Ay = _lalsq - [loutlsq - miut] = _lalsq - [l:utlsq] = _lsq(la + lZut)a (82>
As = lallsq+(l+la)[loutlsq_mgut] = lallsq+(l+la)[l;utlsq] = lsq(lal+ll:ut+lal2ut) = lsq(l(la+l:;ut)+lal* ) (83)

out
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The number of terms in the minors A5 and Ass is 1 and 2 respectively:

Myn, Min
A15 = ——(=Mout, A55 = 7Tmout(la - l) (84)

Thus, one can obtain the expressions for the transfer function coeflicients (see Egs. (25)—(28) in Section 3.1 of
the main text):

A;5 Asi Ul +150) +laldu lalto:
— — _ ou ou =1 _ _"a’out S5
“ Al_l All (l + lout) * (l + lout) ( )
Az Ass

o= ——— = — —la—l :l_la, S6
ey e ) (36)

ter 1 All 2 (l + [* t)

B e L R e T Pout)
21 H AT g (I +205,) (87)

tp g1 Bis _ Mowr
o A5 = A (28 )l (S8)

The negative sign of a period means that the shift by one period in the positive direction of current corresponds
to a change in the Josephson phase ¢ by —27.

III. TRANSFER FUNCTION CONVERSION

Expression for the output current iy, (see Eq. (17) from the main text) can be written in the same manner
as in [2] provided that ¢ is expressed via the input current i.; and the normalized Josephson current sin ¢ using

Eq. (16) from the main text:
2

p= E(id —d¢) — asing. (S9)
Substituting Eq. (S9) into Eq. (17) from the main text, one obtains:
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Thus, the coefficients k3—k4 have the form (33) from the main text.
Substituting Eqgs. (18)—(19) from the main text into (32)—(33) ibidem, one can obtain expressions for the
coefficients k;—k4 from [2]:
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IV. SIGMA NEURON TRANSFER FUNCTION COEFFICIENTS IN THE SECOND CASE

In the second case (see Section 3.2 in the main text) the number of terms in the expression for A increases to
5, but they can be represented as

A= —[loutlsq — mgut](ma +my) = ldsgmy = —[lhlsql(Ma +my) — lalsgmy. (S10)
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The expressions for Ay; and Az remain the same (see Egs. (S2)—(S3)), while A5 and Ags read:
A15 = —MaMout, A55 = (Zma - lam]>mOUt' (Sll>

Thus, in the second case the transfer function coefficients will be (see Egs. (34)—(37) in Section 3.2 of the main
text):

%ﬁ =~ = _% T lag(mils T (Zm+ m)lE,) (813)
a_jz:i_ifz :zfza%. (S15)

V. SIGMA NEURON TRANSFER FUNCTION COEFFICIENTS IN THE THIRD CASE

In the third case (see Section 3.3 in the main text), the expressions for Ay; and As; remain the same (see
Egs. (S2)—(S3)), while one can see the appearance of terms proportional to ms, in Ajs and Agp:

A15 = —MgMout + (la + lout)msq = _mgmouta (Sl6>
A55 = l[mamout - (la + lout)msq] - la[meout + loutmsq] = l[mzmout} - la [mjc]mout 5 (817)

as well as in the determinant:
A= _[ZOUtlsq - mgut](ma + mJ) - lalsqm.] - lamoutmsq = _lsq (lzutma + (la + l:ut)mJ) - lamoutmsq. (818)

To transform the determinant, one can substitute m, = m} + (lo + lowt)Msq/Mout a0d My = MY — Loyt Msq /Moyt

8 = b (e [ o ) 22| 600 [ 05 = b 2| ) = b =

out out

= _lsq (l:utmz + (la + l:ut)m§> - lsq (l:ut(la + lout) - (la + l;ut)lo’”> S lamO“thq =

Mout

* * * * * mgut msq * * * *
= _lsq loutma + (la + lout)mJ - qula out lout + —— = _lsq loutma + (la + lout>mJ . (Sl9>
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The obtained expressions correspond to (S10)—(S11) when replacing m, and m; with their effective values (see
Eq. (40) from the main text).
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