
Supplementary Material to the article

�Topological invariant responsible for the stability of the Fermi surfaces in non -

homogeneous systems�

In these Supplementary materials we consider exam-
ples of the non - homogeneous systems with nontrivial

N
(T )
3 . Our constructions are based on an analogy to

the system in the presence of constant external magnetic
�eld. We start from the particular model with M = 1,
and next consider its variations, in particular, with non-
trivial matrix structure (M > 1).

I. DEFINITION OF THE MODEL AND
CALCULATION OF N3

Let us consider the non - interacting system with Dirac
operator of the form

Q̂ = iκp̂4p̂3 − p̂3 −

(
p̂2

1 + (p̂2 − x̂1B)2
)

2m
+ µ (S1)

with parameters κ, m, µ, and B. The model with the
Dirac operator of this type may appear as e�ective de-
scription of an interacting system (the interactions cause
change of the term p4 → κp4p3). The associated quan-
tum �eld theory is well de�ned, and the corresponding
topological invariant is given by Eq. (56) of the main

text. (Obviousely, in this case T̂ = 1.) It can be calcu-
lated for p4 = ±ε→ 0:

N3 = N+ε
3 −N−ε3

where

N ε
3 = − 1

V 24π2

∫
d3x

∫
p4=ε

trD

(
GW ? dQW

? ∧ dGW ? ∧dQW
)

(S2)

This expression can be calculated using technique devel-
oped in [1]. Using this machinery we arrive at

N ε
3 =

εij
2A

∑
n,k

∫
dp3

1

(p3 + En − iεκp3)2(p3 + Ek − iεκp3)

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉 (S3)

with

Ĥ =

(
p̂2

1 + (p̂2 − x̂1B)2
)

2m
− µ, Ĥ|n〉 = En|n〉 (S4)

At ε→ ±0 we can also represent the above expression as

N ε
3 =

εij
2A

∑
n,k

∫
dp3〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉

1

(p3 + En + iδ signEn)2(p3 + Ek + iδ signEk)
(S5)

with δ → 0. Integrating over p3 we arrive at

N ε
3 = 2πisign δ

εij
A

∑
n,k

∫
dp3

1

(Ek − En)2

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉θ(−En)θ(Ek) (S6)

This expression is similar to the one of the 2+1 D one.
The result is given by

N ε
3 = sign ε

∑
n

Θ(−En(B,m)), (S7)

where En is the energy of the n - th Landau level

En(B,m) =
B

m
(n+ 1/2)− µ, n = 0, 1, ... (S8)

One can see that N−ε3 = −N+ε
3 , and we arrive at

N3 = 2
[µ−B/(2m)

B/m

]
θ(µ−B/(2m))

By
[
z
]
we denote the integer part of z, i.e. the integer

number that is most close to z while being smaller than
z.

A. Calculation of N3 for p4 = ω±(p3)

N3 can be calculated for p4 = ω±(p3) (we assume that
ω+(p3) > 0 while ω−(p3) < 0):

N3 = N
ω+

3 −Nω−
3

where

Nω
3 = − 1

V 24π2

∫
d3x

∫
p4=ω

trD

(
GW ? dQW

? ∧ dGW ? ∧dQW
)

(S9)

This expression can be calculated using technique devel-
oped in [1]. Using this machinery we arrive at

Nω
3 =

εij
2A

∑
n,k

∫
dp3∂p3

(
p3(1− iκω(p3))

)
1

(p3 + En − iω(p3)κp3)2(p3 + Ek − iω(p3)κp3)

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉 (S10)

with

Ĥ =

(
p̂2

1 + (p̂2 − x̂1B)2
)

2m
− µ, Ĥ|n〉 = En|n〉 (S11)



We can easily calculate Nω
3 integrating over p3:

Nω
3 = 2πisignω

εij
A

∑
n,k

∫
dp3

1

(Ek − En)2

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉θ(−En)θ(Ek) (S12)

This expression is similar to the one of the 2+1 D one.
The result is given by

Nω
3 = signω

∑
n

Θ(−En(B,m)), (S13)

where En is the energy of the n - th Landau level

En(B,m) =
B

m
(n+ 1/2)− µ, n = 0, 1, ... (S14)

One can see that N
ω−
3 = −Nω+

3 , and we again arrive at

N3 = 2
[µ−B/(2m)

B/m

]
θ(µ−B/(2m))

One can see that there is no dependence of the result
on the form of functions ω±(p3).

B. Wigner transformed Green function and its
singularities

First of all let us consider the Groenewold equation

QW ? GW = 1

We have

QW = ip4p3κ− p3 −

(
p2

1 + (p2 − x1B)2
)

2m
+ µ (S15)

and the Groenewold equation receives the form (G =
Ḡe2i(p2/B−x1)p1)):(
B2∂2

p1+∂2
x1+8m(ip4p3κ−p3+µ)

)
Ḡ = 8me−2i(p2/B−x1)p1

(S16)
Let us de�ne the new variables

z = x1 − p2/B, q = p1/B

We arrive at(
∂2
q + ∂2

z + 8m(ip4p3κ− p3 + µ)
)
Ḡ = 8me−2iBzq (S17)

Solution of this equation gives

GW (x1, p1, p2, p3, p4) = −2m

π
e2i(p2/B−x1)p1 ×

×
∫

e−iγ(x1−p2/B)−iξp1−iξγ/2

B2ξ2 + γ2 − 8m(ip4p3κ− p3 + µ)
dγdξ (S18)

At a �rst look expression entering Eq. (S36) has sin-
gularities at p3 = 0 for any values of other arguments

of GW . However, we should take into account that the
Green function of Eq. (S16) is to be de�ned in a way
that the poles in Eq. (S36) are to be avoided in certain
way (the way to avoid the pole determines the type of
the Green function).
The situation beccomes more transparent when we

consider the representation of GW through the sum over
Landau levels. The true singularities of the Green func-
tion appear if the corresponding energy levels (chemical
potential included) are vanishing. Let us re�ne the def-
inition of Eq.(S11), and consider it with parameter p2

instead of operator p̂2:

Ĥ =

(
p̂2

1 + (p2 − x̂1B)2
)

2m
− µ, Ĥ|n, p2〉 = En|n, p2〉,

〈x1|n, p2〉 = Ψn(x− p2/B) (S19)

That is we denote by numbers n the Landau levels, while
these levels are degenerate (corresponding to number p2).
We obtain for the Green function:

GW (x1, p1, p2, p3, p4) =
∑
n

∫
dyeip1y

Ψn(x1 − y/2− p2/B)Ψ̄n(x1 + y/2− p2/B)

ip4p3κ− p3 − B
m (n+ 1/2) + µ

(S20)

If µ does not coincide with either of the levels B
m (n+1/2),

the singularities of the above expresion appear at

p4 = 0, p3 = µ− B

m
(n+ 1/2), n = 0, 1, ... (S21)

These are the two dimensional hypersurfaces in the hy-
perplane p4 = 0 parametrized by p1, p2. Their positions
do not depend on x.

C. Calculation of N
(i)
3

Let us consider surface Σ of the form of a collection of
three - dimensional hypersurfaces Σ(l) surrounding the
poles of the Green function. Each hypersurface Σ(l) has
the form of a tube (small closed curve in plane (p4, p3)
surrounding the n - th pole times the plane (p1, p2)).
We obtain

N
ω+(l)
3 =

εij
2A

∑
n,k

∫
dp3〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉

∂p3

(
p3(1− iκω(p3))

)
(p3 + En − iω(p3)κp3)2(p3 + Ek − iω(p3)κp3)

(S22)

Function ω may be chosen as follows:

ω+(p3) = −ε/2 +

√(
p3 − (µ− (l + 1/2)B/m)

)2

+ ε2,

if (µ− (l + 1/2)B/m)− ε ≤ p3 ≤ (µ− (l + 1/2)B/m) + ε



and

ω+(p3) = −ε/2,
if p3 < (µ− (l + 1/2)B/m)− ε
or p3 > (µ− (l + 1/2)B/m) + ε

ω−(p3) = −ε/2 (S23)

One can see that the straight pieces of ω± cancel each
other. Integration over p3 gives

N
ω+(l)
3 = 2πi

εij
A

∑
k

∫
dp3

1

(Ek − El)2

〈l|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|l〉θ(−El)θ(Ek)(S24)

and

N
ω−(l)
3 = −2πi

εij
A

∑
n,k

∫
dp3

1

(Ek − En)2

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉θ(−En)θ(Ek)(S25)

We arrive at

N
ω+(l)
3 = Θ(−El(B,m)) (S26)

and

N
ω−(l)
3 = −

∑
n

Θ(−En(B,m)) (S27)

Thus we obtain

N
(l)
3 = Θ(−El(B,m)) +

∑
n

Θ(−En(B,m)) = (S28)

= Θ(µ− (2l + 1)B/(2m)) +
[µ−B/(2m)

B/m

]
θ(µ−B/(2m))

II. OTHER VARIATIONS OF THE MODEL

A. A model with M = 1

We can modify the model considered above in several
ways. First of all, let us consider the system with Dirac
operator of the form

Q̂ = iκp̂4

[ p̂2
1 + (p̂2 − x̂1B)2

2m
− µ

]
− p̂3

−

(
p̂2

1 + (p̂2 − x̂1B)2
)

2m
+ µ (S29)

with parameters κ, m, µ, and B. The following con-
sideration repeats the one presented above, and we ar-
rive at the expression for the topological invariant N3 =
N
ω+

3 −Nω−
3 , where

Nω
3 =

εij
2A

∑
n,k

∫
dp3〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉

(1− iω(p3)κ)2∂p3(p3 − iκEnω(p3))

(p3 + En − iω(p3)κEn)2(p3 + Ek − iω(p3)κEk)
(S30)

with

Ĥ =

(
p̂2

1 + (p̂2 − x̂1B)2
)

2m
− µ, Ĥ|n〉 = En|n〉 (S31)

We can calculate Nω
3 integrating over p3 (via the second

order residue at p3 + En − iω(p3)κEn = 0 ):

Nω
3 = 2πisignω

εij
A

∑
n,k

∫
dp3

1

(Ek − En)2

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉θ(−En)θ(Ek) (S32)

The result is given by

N ε
3 = signω

∑
n

Θ(−En(B,m)), (S33)

where En is the energy of the n - th Landau level

En(B,m) =
B

m
(n+ 1/2)− µ, n = 0, 1, ... (S34)

And we arrive at the same expression as for the above
considered model

N3 = 2
[µ−B/(2m)

B/m

]
θ(µ−B/(2m))

The Groenewold equation in this case rececives the form
(G = Ḡe2i(p2/B−x1)p1):(

(B2∂2
p1+∂2

x1+8mµ)(1−iκp4)−8mp3

)
Ḡ = 8me−2i(p2/B−x1)p1

(S35)
Solution of this equation gives

GW (x1, p1, p2, p3, p4) = −2m

π
e2i(p2/B−x1)p1 ×∫

e−iγ(x1−p2/B)−iξp1−iξγ/2

(B2ξ2 + γ2 − 8mµ)(1− ip4κ) + 8mp3
dγdξ (S36)

In order to determine the positions of Fermi surfaces we
use the Landau level representation

GW (x1, p1, p2, p3, p4) =
∑
n

∫
dyeip1y

Ψn(x1 − y/2− p2/B)Ψ̄n(x1 + y/2− p2/B)

−p3 − (Bm (n+ 1/2)− µ)(1− iκp4)
(S37)

The singularities of the above expresion give the position
of the Fermi surface that coincides with the one of the
original model

p4 = 0, p3 = µ− B

m
(n+ 1/2), n = 0, 1, ... (S38)

As above, we can also de�ne quantities N
(i)
3 that are

given by integrals along the hypertubes surrounding the
disconnected pieces of the Fermi surface. We arrive then
at the same expression of Eq. (S28).



B. A model with topological invariant protected by
symmetry (M = 4)

Let us consider the matrix extension of the model with
the Dirac operator of the form

Q̂ = iκp̂4

(
p̂1γ

0γ1 + (p̂2 − x̂1B)γ0γ2 + iµγ0γ3
)

−ip̂3γ
0γ3 − p̂1γ

0γ1

−(p̂2 − x̂1B)γ0γ2 − iµγ0γ3 (S39)

with parameters κ and B and ordinary gamma - matrices
γi taken in chiral representation. One may de�ne the cor-
responding topological invariant protected by symmetry
with T̂ = γ5. It can be calculated for p4 = ω±:

N
(γ5)
3 = N

ω+

3 −Nω−
3

where

Nω
3 = − 1

V 24π2

∫
d3x

∫
p4=ω

trD

(
γ5GW ? dQW ? ∧

dGW ? ∧dQW
)

(S40)

Using the same machinery as above we arrive at

N ε
3 = 2

εij
2A

∑
n,k

∫
dp3〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉

(1 + iEnκ∂p3ω)(1− iωκ)2

(p3 − En + iEnωκ)2(p3 − Ek + iEnωκ)
(S41)

with

Ĥ = iσ3σ1p̂1 + iσ3σ2(p̂2 − x̂1B)− µ, Ĥ|n〉 = En|n〉
(S42)

As in the previous case we obtain after integration over
p3

N ε
3 = 2πisign ε

εij
A

∑
n,k

∫
dp3

1

(Ek − En)2

〈n|[Ĥ, x̂i]|k〉〈k|[Ĥ, x̂j ]|n〉θ(−En)θ(Ek) (S43)

The result is given by

Nω
3 = 2 signω

∑
n

Θ(En(B,µ)), (S44)

where En is the energy of the n - th Landau level

En(B,µ) = ±
√

2Bn− µ, n = 0, 1, ... (S45)

The obtained expression for Nγ5

3 is divergent in ultravi-
olet:

Nγ5

3 = 4
∑
n

Θ(En(B,µ)), (S46)

The situation with this divergency is similar to the one of
the quantum Hall e�ect in graphene. Formally the corre-
sponding expression obtained using the above mentioned

machinery applied to the low energy continuum model
is given by Eq. (S46) multiplied by the inverse Klitzing
constant. Of course, the experiment shows a di�erent re-
sult. Namely, the QHE conductivity is vanishing at half
�lling (µ = 0).
The explanation for this puzzle is that the proper ul-

traviolet regularization subtracts the contribution of Lan-
dau levels with negative En. At the same time the half
of the contribution of the LLL (E0 = 0) is subtracted.
Technically the subtraction is achieved authomatically,
when proper regularization is added. Say, lattice regular-
ization modi�es expression of Eq. (S46) at large values
of n: the corresponding Landau levels contribute with
their Chern numbers that di�er from 1. In particular, at
certain negative values of n the contributions are large
and negative, so that at µ = 0 the resulting expression
is precisely zero. The Pauli - Villars regularization gives
much more transparent solution. Namely, the contribu-
tions of Pauli - Villars regulators with large mass cancel

one by one all contributions to Nγ5

3 of Landau levels with
En < 0, while only half contribution of E0 is cancelled.
Thus we come to expression

Nγ5

3 =
(

4
[ µ2

2B

]
+ 2
)

signµ (S47)

C. Models with curved Fermi surfaces

1. A model with cylindrical Fermi surface

Let us consider another modi�cation of the model, in
which the Fermi surfaces are already not planes p3 =
const but have cylindrical form. We start from the Dirac
operator

Q̂ = iκλp̂4(Ĥ − µγ5)− p̂r − (Ĥ − µγ5)λ (S48)

Here pr =
√
p2
x + p2

y is radial component of momentum.

It is assumed that Ĥ commutes with γ5. κ and λ are
parameters. The Wigner transformed Green function is
assumed to have the form

GW (x1, p1, p2, p3, p4) =
∑
nk±

∫
d3yeip̄ȳ ×

×Ψnk±(x̄− ȳ/2)Ψ̄nk±(x̄+ ȳ/2)

−pr ∓ λ(En − µ)(1− ip4κ)
(S49)

where En are (positive chirality) eigenvalues while Ψnk±
are eigenfunctions of the Hamiltonian Ĥ corresponding to
positive (negative chirality). In order to de�ne the Hamil-

tonian Ĥ we pass to the new coordinates in momentum
space. Namely, let (pr, pz, φ) be the cylindrical coordi-
nates in momentum space. We de�ne the frame (pr ∈
(0,∞), pz ∈ (−π/b,+π/b), pφ = φ/a ∈ (−π/a, π/a). For
example, d3p = aprdprdpzdpφ. We assume that parame-
ters b, a→∞. We de�ne

Ĥ = fa(pφ +Bx̂z)γ
0γ1 + fb(pz)γ

0γ2 (S50)



with fa(p) = 1
a sin pa+ 1

a (1− cos pa), which gives

Ĥ ≈ (pφ +Bx̂z)γ
0γ1 + pzγ

0γ2 (S51)

with x̂z = i∂pz and x̂φ = i∂pφ . We also denote

Ĥ = (pφ +Bx̂z)σ
1 + pzσ

2 (S52)

Then pr commutes with Hamiltonian, and spectrum of
this Hamiltonian for any pr is:

Ĥ|n, k〉 = En|n, k〉 (S53)

with En =
√

2B|n| signn. Each energy level is degen-
erate, the degenerate states are enumerated by the ad-

mitted values of pφ = p
(k)
φ . These are the values that

obey eip
(k)
φ Lφ = 1, and maximal possible value of p

(k)
φ is

BLz (where Lφ is maximal value of coordinate xφ, while
Lz is the size of the system in z - direction). Therefore,

p
(k)
φ = 2πk/Lφ and kmax =

BLφLz
2π . The Hamiltonian of

the right - handed particles is equal to that of the left
- handed ones with the minus sign. The degeneracy of
each level is equal to N = kmax. We denote by A = LφLz
the area of coordinate space in coordinates xz, xφ.
Taking this in mind we calculate the expression for

N
(γ5)
3 as follows

N
(γ5)
3 = N+ε

3 −N−ε3

where

N ε
3 = − 1

V 24π2

∫
d3x

∫
p4=ε

trD

(
γ5GW ? dQW

? ∧ dGW ? ∧dQW
)

(S54)

As proposed in the main text we represent Eq. (S54) in
the parametrization of the hypersurface p4 = ε by real
numbers k̄ = (k1, k2, k3) = (pr, pφ, pz). We express p̄(k̄)
through the new parameters k̄. In terms of the latter the
necessary representation reads

N ε =
εijk
24π2

∫
Σ(i)

d3k

∫
d3ξ

V
tr
[
γ̂5G̃ ◦ ∂kiQ̃◦

G̃ ◦ ∂kj Q̃ ◦ G̃ ◦ ∂kkQ̃
]

(S55)

with

◦ = e
i
2

(
←−
∂ξi
−→
∂ki−

←−
∂ki
−→
∂ξi

)
(S56)

and V =
∫
d3ξ. Correspondingly, the limit of in-

�nitely large V in Eq. (S55) is to be considered. Vec-
tor ξ̄ = (xr, xφ, xz) represents the new parametriza-
tion of coordinate space. These new coordinates are

determined by equation ∂ξi(k̄,x̄)
∂xj =

∂pj(k̄)
∂ki

. Therefore,

ξi =
∂pj(k̄)
∂ki

xj (i, j = 1, 2, 3). Correspondingly,
∫
d3ξ =

Det ∂p(k̄)
∂k

∫
d3x.

By Q̃ in Eq. (S55) we understand

Q̃(k̄, ξ̄) ≡ Q((p̄(k̄), ε)), x(k̄, ξ̄)) (S57)

with xj = (∂kk∂pj
ξk), (i, j = 1, 2, 3). Here there is no

dependence on x4 because we consider the equilibrium
system, while p = (p̄(k̄), ε).
Correspondingly, we have

Q̃ = iκλε(H − µγ5)− p̂r − (H − µγ5)λ (S58)

with

H ≈ (pφ +Bxz)γ
0γ1 + pzγ

0γ2 (S59)

and in original coordinates

H ≈ (
1

a
Arctg p2/p1 +Bx3)γ0γ1 + p3γ

0γ2 (S60)

By G̃ we then understand the function inverse to Q̃
with respect to the ◦ product:

Q̃ ◦ G̃ = 1 (S61)

The standard calculation methods then lead us to

N ε
3 =

∑
±

(±λ2)
εij
2A

∑
n1,n2,k1,k2

∫ ∞
0

dpr〈n1, k1|[Ĥ, ξ̂i]|n2, k2〉

〈n2, k2|[Ĥ, ξ̂j ]|n1, k1〉
(pr ± En1

(1− iεκ))2(pr ± En2
(1− iεκ))

(S62)

with En = λ(En − µ). Correspondingly, indexes i, j =
2, 3 = ”φ”, ”z”. We may rewrite this expression with the
integral over pr within (−∞,+∞):

N ε
3 = λ2 εij

2A

∑
n1,n2,k1,k2

∫ +∞

−∞
dpr〈n1, k1|[Ĥ, ξ̂i]|n2, k2〉

〈n2, k2|[Ĥ, ξ̂j ]|n1, k1〉
(pr + En1(1− iεκ))2(pr + En2(1− iεκ))

(S63)

We consider the limit ε → ±0, and perform integration
over pr

N ε
3 = 2πisign ε

εij
A

∑
n1,n2,k1,k2

1

(En2
− En1

)2
(S64)

〈n1, k1|[Ĥ, ξ̂i]|n2, k2〉〈n2, k2|[Ĥ, ξ̂j ]|n1, k1〉θ(−En1
)θ(En2

)

The result is given by

N ε
3 = sign ε

∑
n

Θ(−En), (S65)

One can see that N−ε3 = −N+ε
3 , and we arrive at

N
(γ5)
3 = 2

∑
n

Θ(µ−
√

2B|n| signn)

As in the previous example, this expression is divergent,
but being regularized, it gives

N
(γ5)
3 = 2 sign (µ)

(
1/2 +

∑
n>0

Θ(µ−
√

2B|n|)
)



In this case the Fermi surfaces have the form of cylin-
ders (with axis z) and radii

p4 = 0, |pr| = ∓λ(µ− sign (n)
√

2B|n|), n = 0,±1, ...
(S66)

(Only those values of n contribute, for which the right
hand side of this expression is not negative.) The partic-
ular interesting case corresponds to µ = δ, δ → 0. Then
the only Fermi surface shrinks to cylinder with very small

radius. The corresponding invariant N
(γ5)
3 = sign δ pro-

tects this Fermi surface.

2. A model with spherical Fermi surface

The modi�cation of the model with spherical Fermi
surface follows closely the consideration of the previous
subsection. Again, we start from the Dirac operator

Q̂ = iκλp̂4(Ĥ − µγ5)− p̂r − (Ĥ − µγ5)λ (S67)

but now pr =
√
p2
x + p2

y + p2
z is radial component of

momentum. In order to de�ne the Hamiltonian Ĥ we
pass to the spherical coordinates in momentum space.

Namely, let (pr, θ, φ) be the spherical coordinates in mo-
mentum space. We de�ne the frame (pr ∈ (0,∞), pθ =
θ/b ∈ (0,+π/b), pφ = φ/a ∈ (−π/a, π/a). For example,
d3p = abprsin(bpθ)dprdpθdpφ. As above we assume that
parameters b, a→∞, and de�ne

Ĥ = fa(pφ +Bx̂θ)γ
0γ1 + pθγ

0γ2 (S68)

with fa(p) = 1
a sin pa+ 1

a (1− cos pa), which gives

Ĥ ≈ (pφ +Bx̂θ)γ
0γ1 + pθγ

0γ2 (S69)

with x̂θ = i∂pθ and x̂φ = i∂pφ .
The further calculation is identical to the one for the

case of cylindrical Fermi surface.
We arrive at

N
(γ5)
3 = 2 sign (µ)

(
1/2 +

∑
n>0

Θ(µ−
√

2B|n|)
)

In this case the Fermi surfaces have the form of spheres
with radii

p4 = 0, |pr| = ∓λ(µ− sign (n)
√

2B|n|), n = 0,±1, ...
(S70)

(Only those values of n contribute, for which the right
hand side of this expression is not negative.) In the
case µ = δ, δ → 0 the only Fermi surface shrinks to
sphere with very small radius. The corresponding invari-

ant N
(γ5)
3 = sign δ protects it.
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