
Supplementary Material to the article “On measurement of the second-
order coherence of light-matter BECs with a single detector”

1 Equations for ⟨n̂≤K⟩ and ⟨n̂≤Kn̂≤K⟩ in the fast thermalization limit

In the following, we will use the theory from [1, 2]. In the fast thermalization limit, the density matrix of polaritons
reduces to

ρ̂ =

+∞∑
N=0

PN
1

ZN

∑
∑

q nq=N

e−
∑

k nkβkR̂, (S1)

where βk = ℏ(ωk−ωk=0)/kBT and R̂ is the density matrix of polaritons such that â†kâkR̂ = nkR̂. We denote the partially
traced density matrix ρ̂≤K = tr|k|>K ρ̂, where we traced all the polariton states with wave vectors exceeding K. We also

denote R̂≤K = tr|k|>KR̂ having the same meaning. From (S1), we obtain the following

ρ̂≤K =

+∞∑
N=0

PN
1

ZN

N∑
n=0

∑
∑

|q1|≤K nq1=n

e−
∑

|k1|≤K nk1
βk1 R̂≤K

∑
∑

|q2|>K nq2=N−n

e−
∑

|k2|>K nk2
βk2 . (S2)

This partially traced density matrix allows us to find the averages ⟨n̂≤K⟩ = tr (n̂≤K ρ̂) = tr|k|≤K(n̂≤K ρ̂≤K) and ⟨n̂≤K⟩ =
tr (n̂≤K n̂≤K ρ̂) = tr|k|≤K(n̂≤K n̂≤K ρ̂≤K). To do this, one should use Eq. (S2) and the relation n̂≤KR̂≤K = nR̂≤K . This
brings us to Eq. (19) and Eq. (20), where

XN =
∑

∑
|q|≤K nq=N

e−
∑

|k|≤K nkβk , YN =
∑

∑
|q|>K nq=N

e−
∑

|k|>K nkβk . (S3)

We obtain the generating functions

+∞∑
N=0

XNξN =
eG·Ln2(ξ)−G·Ln2(ξe

−βK )

1− ξ
,

+∞∑
N=0

YNξN = eG·Ln2(ξe
−βK ), (S4)

where Ln2(ξ) is the polylogarithm of order 2. We show a derivation of the generating function for XN , one can do it for
YN in the same way

+∞∑
N=0

XNξN =

+∞∑
N=0

ξN
∑

∑
|q|≤K nq=N

e−
∑

|k|≤K nkβk =

+∞∑
N=0

∑
∑

|q|≤K nq=N

e−
∑

|k|≤K nk(βk−ln ξ) =
∏

|k|≤K

+∞∑
nk=0

e−nk(βk−ln ξ) =

∏
|k|≤K

1

1− ξe−βk
= exp

−
∑

|k|≤K

ln(1− ξβk)

 =
eG·Ln2(ξ)−G·Ln2(ξe

−βK )

1− ξ
. (S5)

In the derivation above we moved to the continuous limit via the density of states and used the dispersion law ωk =
ωk=0 + αk2. The corresponding recurrent equations are

XN =
1

N

N∑
n=1

[
1 +

G

n

(
1− e−nβK

)]
XN−n, YN =

1

N

N∑
n=1

G

n
e−nβKYN−n, (S6)

whereX0 = 1 and Y0 = 1. We also obtain the asymptotic atN ≫ G and βK > 0XN ≈ X∞
(
1−G · ln

(
1− e−βK

)
−G/N

)
,

where X∞ = eG·ζ(2)−G·Ln2(e
−βK ), and ζ(2) is the value of zeta function at 2.

2 Equations for PN in the fast thermalization limit

In the fast thermalization limit, when the effective thermalization rate overcomes both dissipation and pumping rates, the
number of polaritons with the wave vector k is

⟨n̂k(t)⟩ =
+∞∑
N=0

PN (t)⟨n̂k⟩N , (S7)



where PN (t) is the probability of finding exactly N polaritons in the system that can depend on time,

⟨n̂k⟩0 = 0, ⟨n̂k⟩N+1 = (1 + ⟨n̂k⟩N )e−βkZN/ZN+1, (S8)

where βk = ℏ(ωk−ωk=0)/kBT , ZN is the partition function having the generating function
∑+∞

N=0 ZNξN = eG·Ln2(ξ)/(1− ξ),
and Ln2(ξ) is the polylogarithm of order 2. The probabilities PN obey the equations

∂P0(t)

∂t
=

d0(t)

Z1
P1(t)−

p0(t)

Z0
P0(t), (S9)

∂PN (t)

∂t
=

dN (t)

ZN+1
PN+1(t)−

dN−1(t) + pN (t)

ZN
PN (t) +

pN−1(t)

ZN−1
PN−1(t) for N > 0, (S10)

where
dN = ZN+1

∑
k

(γk + κk(t)) ⟨n̂k⟩N+1, pN (t) = ZN

∑
k

κk(t)(1 + ⟨n̂k⟩N ). (S11)

We find a stationary solution of Eq. (S9)–(S10) in the case when κk(t) = κk does not depend on time, γk = γ does not
depend on time. We also assume that κk = κ for |k| ≤ Kpump and κk = 0 for |k| > Kpump. In this case,

dN = ZN+1[(γ + κ)(N + 1)− κ⟨n̂out⟩N+1], pN = ZN [κPump + κN − κ⟨n̂out⟩N ] (S12)

where
κPump =

∑
|k|≤KPump

κk, ⟨n̂out⟩N =
∑

|k|>KPump

⟨n̂k⟩N (S13)

are the total pumping rate over the states and the number of polaritons that are not under the incoherent pumping
respectively. Above condensation threshold, one can obtain an approximate analytical expression for PN . The stationary
version of Eq. (S10) is

[(γ + κ)(N + 1)− κ⟨n̂out⟩N+1]PN+1 − [κPump + (γ + 2κ)N − 2κ⟨n̂out⟩N ]PN

+ [κPump + κ(N − 1)− κ⟨n̂out⟩N−1]PN−1 = 0. (S14)

Following the suggestion made in [3], we assume that the probability distribution above condensation threshold is Gaussian.
The average total number of polaritons is ⟨N̂⟩ = κPump/γ, where κPump is defined by Eq. (S13). Thus, σ is the only pa-

rameter we have to determine. We use Eq. (22), set N = ⟨N̂⟩, and decompose PN±1 according to PN±1 ≈ PN

(
1− 1/2σ2

)
.

The substitution of this into Eq. (S14) allows us to find σ

σ =

√
2N(γ + κ) + γ − κ(⟨n̂out⟩N+1 + ⟨n̂out⟩N−1)

2γ + 2κ(2⟨n̂out⟩N − ⟨n̂out⟩N+1 − ⟨n̂out⟩N−1)
. (S15)

In the numerator, we can omit γ and ⟨n̂out⟩N+1 + ⟨n̂out⟩N−1 assuming N ≫ 1. In the denominator, we omit 2⟨n̂out⟩N −
⟨n̂out⟩N+1 − ⟨n̂out⟩N−1 because ⟨n̂out⟩N almost do not depend on N at least above the condensation threshold as one can

see in Fig.3(b). Thus, we obtain σ =
√
⟨N̂⟩+ ⟨N̂⟩2/GPump.

3 Connection between g
(2)
K (0) and G(2)

K (0) in fast thermalization limit

In the fast thermalization limit, the light emitted by different modes is uncorrelated in the sense that ⟨â†k1
â†k2

âk3
âk4

⟩ = 0

and ⟨â†k1
âk2⟩ = 0 when three of the wave vectors are different and ⟨â†k1

â†k2
âkâk⟩ = 0 when k1 ̸= k2. In what follows we

use these correlations and omit the boundaries of the wave vectors implicitly assuming that |kj | ≤ K for j = 1, .., 4〈∑
k1

â†k1
e−iφk1

(r)
∑
k2

âk2
eiφk2

(r)

〉
=
∑
k

〈
â†kâk

〉
= ⟨n̂≤K⟩, (S16)

〈∑
k1

â†k1
e−iφk1

(r1)
∑
k2

â†k2
e−iφk2

(r2)
∑
k3

âk3e
iφk3

(r2)
∑
k4

âk4e
iφk4

(r1)

〉
=
∑

k1 ̸=k2

〈
â†k1

â†k2
âk1

âk2

〉
ei[φk1

(r2)−φk1
(r1)]ei[φk2

(r1)−φk2
(r2)] +

∑
k1 ̸=k2

〈
â†k1

â†k2
âk2

âk1

〉
+
∑
k

〈
â†kâ

†
kâkâk

〉

= 2 (⟨n̂≤K n̂≤K⟩ − ⟨n̂≤K⟩)−

 ∑
|k|≤K

⟨n̂kn̂k⟩ − ⟨n̂≤K⟩

 , (S17)



where we used φk(r1)− φk(r2) = π/2 and relations∑
k1 ̸=k2

〈
â†k1

â†k2
âk1 âk2

〉
=
∑
k1,k2

〈
â†k1

â†k2
âk1 âk2

〉
−
∑
k

〈
â†kâ

†
kâkâk

〉
=

∑
k1,k2

〈
â†k1

âk1
â†k2

âk2

〉
−
∑
k

〈
â†kâk

〉
−
∑
k

〈
â†kâ

†
kâkâk

〉
= ⟨n̂≤K n̂≤K⟩ − ⟨n̂≤K⟩ −

∑
k

〈
â†kâ

†
kâkâk

〉
, (S18)

∑
k1 ̸=k2

〈
â†k1

â†k2
âk2 âk1

〉
=
∑
k1,k2

〈
â†k1

â†k2
âk2 âk1

〉
−
∑
k

〈
â†kâ

†
kâkâk

〉
=

∑
k1,k2

〈
â†k1

âk1
â†k2

âk2

〉
−
∑
k

〈
â†kâk

〉
−
∑
k

〈
â†kâ

†
kâkâk

〉
= ⟨n̂≤K n̂≤K⟩ − ⟨n̂≤K⟩ −

∑
k

〈
â†kâ

†
kâkâk

〉
, (S19)

∑
k

〈
â†kâ

†
kâkâk

〉
=
∑
k

⟨n̂kn̂k⟩ − ⟨n̂≤K⟩. (S20)

We substitute (S16)–(S17) into Eq.(7) using Eq.(5) and obtain

g
(2)
K (0) = 2

⟨n̂≤K n̂≤K⟩ − ⟨n̂≤K⟩
⟨n̂≤K⟩2

−
∑

|k|≤K⟨n̂kn̂k⟩ − ⟨n̂≤K⟩
⟨n̂≤K⟩2

(S21)

which is equivalent to Eq. (21).

4 Asymptotic for g
(2)
k=0(0) above the condensation threshold

Above the condensation threshold, ⟨N̂⟩ ≫ G ln⟨N̂⟩,

⟨n̂k=0n̂k=0⟩N − ⟨n̂k=0⟩N ≈ ⟨n̂k=0⟩2N (1 +
G

N
) ≈ N2 − 2GN lnN +GN, ⟨n̂k=0⟩N ≈ N −G lnN. (S22)

Therefore,

⟨n̂k=0n̂k=0⟩ − ⟨n̂k=0⟩ =
+∞∑
N=0

PN (⟨n̂k=0n̂k=0⟩N − ⟨n̂k=0⟩N ) ≈
+∞∑
N=0

PN (N2 − 2GN lnN +GN)

≈ ⟨N̂⟩2 + σ2 − 2G⟨N̂⟩ ln⟨N̂⟩+G⟨N̂⟩ ≈ ⟨N̂⟩2 + ⟨N̂⟩2

GPump
− 2G⟨N̂⟩ ln⟨N̂⟩+G⟨N̂⟩, (S23)

⟨n̂k=0⟩2 ≈

(
+∞∑
N=0

PN ⟨n̂k=0⟩N

)2

≈ ⟨N̂⟩2 − 2G⟨N̂⟩ ln⟨N̂⟩. (S24)

The substitution of these two equation into the definition of g
(2)
k=0(0) that follows from Eq. (8)

g
(2)
k=0(0) =

⟨n̂k=0n̂k=0⟩ − ⟨n̂k=0⟩
⟨n̂k=0⟩2

(S25)

leads to Eq. (23).

5 Asymptotic for g
(2)
∞ (0) above the condensation threshold

To derive the asymptotics for g
(2)
∞ (0), i.e. g

(2)
K (0) at K → ∞, we use Eq. (21). This equation contains three different

correlations: ⟨n̂≤K⟩, ⟨n̂≤K n̂≤K⟩, and
∑

|k|≤K⟨n̂kn̂k⟩. We analyze each of this correlations in turn. We start with the

correlation ⟨n̂≤K⟩, for which we have at K → ∞

⟨n̂≤K⟩ =
+∞∑
N=0

PN

∑
|k|≤K

⟨n̂k⟩N ≈
+∞∑
N=0

PNN = ⟨N̂⟩ (S26)



where we used the approximation
∑

|k|≤K⟨n̂k⟩N ≈ N and Eq. (22). Similarly, we consider the correlation at K → ∞

⟨n̂≤K n̂≤K⟩ =
+∞∑
N=0

PN ⟨n̂≤K n̂≤K⟩N ≈
+∞∑
N=0

PNN2 = ⟨N̂⟩2 + σ2 = ⟨N̂⟩2 + ⟨N̂⟩+ ⟨N̂⟩2

GPump
(S27)

where we used the approximation ⟨n̂≤K n̂≤K⟩N ≈ N2 and Eq. (22). Finally, we consider

∑
|k|≤K

⟨n̂kn̂k⟩ =
+∞∑
N=0

PN

∑
|k|≤K

⟨n̂kn̂k⟩N . (S28)

We obtain

⟨n̂kn̂k⟩N =
1

ZN

N−1∑
n=0

[2(N − n)− 1]Zne
−(N−n)βk , (S29)

where βk = (ℏωk − ℏωk=0)/kBT . From Eq. (S29), we can prove that∑
|k|≤K

⟨n̂kn̂k⟩N = ⟨n̂k=0n̂k=0⟩N + ⟨n̂k=0⟩N − ⟨n̂≤K⟩N + 2G
(
⟨n̂k=0⟩N − ⟨n̂|k|=K⟩N

)
, (S30)

where ⟨n̂|k|=K⟩N is ⟨n̂k⟩N at |k| = K. To find the asymptotic for
∑

|k|≤K⟨n̂kn̂k⟩, we use Eq. (S30) and the following
approximate expressions that are valid above the condensation threshold

⟨n̂k=0n̂k=0⟩ ≈
+∞∑
N=0

PN (N2 − 2GN lnN +NG) ≈ ⟨N̂⟩2 + σ2 − 2GN lnN ≈ ⟨N̂⟩2 − 2G⟨N̂⟩ ln⟨N̂⟩+ ⟨N̂⟩2

GPump
, (S31)

⟨n̂k=0⟩ ≈
+∞∑
N=0

PNN = ⟨N̂⟩, ⟨n̂≤K⟩ ≈
+∞∑
N=0

PNN = ⟨N̂⟩, ⟨n̂|k|=K⟩ ≈
+∞∑
N=0

PN ⟨n̂|k|=K⟩N ≈ 1

eβ|k|=K − 1
, (S32)

where we used Eq. (S22). As a result, we obtain

∑
|k|≤K

⟨n̂kn̂k⟩ ≈ ⟨N̂⟩2 − 2G⟨N̂⟩ ln⟨N̂⟩+ ⟨N̂⟩2

GPump
. (S33)

Finally, we substitute Eq. (S26), Eq. (S27), and Eq. (S33) into Eq. (21) and obtain Eq. (24).
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