Supplementary Material to the article “On measurement of the second-
order coherence of light-matter BECs with a single detector”
1 Equations for (n<x) and (n<gn<g) in the fast thermalization limit

In the following, we will use the theory from [1, 2]. In the fast thermalization limit, the density matrix of polaritons
reduces to
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where Sk = h(wkx —wk—0)/kpT and R is the density matrix of polaritons such that &L&kﬁ = nkR We denote the partially
traced density matrix p<x = trx> g p, where we traced all the polariton states with wave vectors exceeding K. We also

denote RSK = tr|k|>KR having the same meaning. From (S1), we obtain the following
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This partially traced density matrix allows us to find the averages (fi<x) = tr (i< p) = tr|k‘<K(n<Kp<K) and (f<p) =

tr (R<xN<kp) = trjx<k (M<rxf<xp<r). To do this, one should use Eq. (S2) and the relation n<KR<K = nR<K This
brings us to Eq. (19) and Eq. (20), where
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We obtain the generating functions
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where Lns(€) is the polylogarithm of order 2. We show a derivation of the generating function for Xy, one can do it for
YN in the same way
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In the derivation above we moved to the continuous limit via the density of states and used the dispersion law wy =
wik—o + ak?. The corresponding recurrent equations are
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where Xy = 1 and Yy = 1. We also obtain the asymptotic at NV > G and B > 0 Xy = X (1 —G-In (1 — e"aK) — G/N) ,
where X o = eG-¢(2)=G-Lna(e™"%) "apq ¢(2) is the value of zeta function at 2.

2 Equations for Py in the fast thermalization limit

In the fast thermalization limit, when the effective thermalization rate overcomes both dissipation and pumping rates, the
number of polaritons with the wave vector k is
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where Py (t) is the probability of finding exactly N polaritons in the system that can depend on time,
(fuc)o = 0, (Mae) N1 = (L + (Pue)n)e " Zn [ Znoa, (S8)

where fx = hwx—wx—0)/ksT , Zn is the partition function having the generating function Z?\}fo ZNEN = G m2(8) /(1 — ¢),
and Lns(€) is the polylogarithm of order 2. The probabilities Py obey the equations
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We find a stationary solution of Eq. (S9)—(S10) in the case when s (t) = » does not depend on time, v, = v does not
depend on time. We also assume that s = s for |k| < Kpump and s = 0 for [k| > Kpump. In this case,
dN = ZN+1[(’Y + %)(N + 1) - J’f<nout>N+1]7 PN = ZN[%Pump + »uN — %<ﬁout>N} (812)

where
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are the total pumping rate over the states and the number of polaritons that are not under the incoherent pumping
respectively. Above condensation threshold, one can obtain an approximate analytical expression for Py. The stationary
version of Eq. (S10) is

[(y 4+ 2) (N + 1) — s(fiout) N+1]Pn+1 — [PPump + (7 + 22¢0) N — 23¢(gue) N PN
+ [3pump + (N — 1) — s¢(fiout) n—1]Py—1 = 0. (S14)

Following the suggestion made in [3], we assume that the probability distribution above condensation threshold is Gaussian.
The average total number of polaritons is (N) = spump/, Where spump is defined by Eq. (S13). Thus, o is the only pa-

rameter we have to determine. We use Eq. (22), set N = (N), and decompose Py according to Py+; ~ Py (1-1/20?).
The substitution of this into Eq. (S14) allows us to find o
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In the numerator, we can omit vy and (fiout) N+1 + (flous) N—1 assuming N > 1. In the denominator, we omit 2(fou) Ny —
(fout) N+1 — (flout) N—1 because (fiout) Ny almost do not depend on N at least above the condensation threshold as one can

see in Fig.3(b). Thus, we obtain o = \/(N) + (N)2/Gp ump-

3 Connection between gg)(()) and Qj(;?)(O) in fast thermalization limit

In the fast thermalization limit, the light emitted by different modes is uncorrelated in the sense that <ELL1&L2 Gy, Gx,) =0

and <&£1&k2> = 0 when three of the wave vectors are different and <dL&L2 axax) = 0 when ky # ko. In what follows we
use these correlations and omit the boundaries of the wave vectors implicitly assuming that |k;| < K for j =1,..,4
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where we used ¢k (r1) — ¢k(r2) = 7/2 and relations
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We substitute (S16)—(S17) into Eq.(7) using Eq.(5) and obtain
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which is equivalent to Eq. (21).

4 Asymptotic for 91({2:)0(0) above the condensation threshold

Above the condensation threshold, (N) > GIn(N),
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The substitution of these two equation into the definition of 91(3:)0(0) that follows from Eq. (8)
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leads to Eq. (23).

5 Asymptotic for gé?(()) above the condensation threshold

To derive the asymptotics for gg) (0), i.e. gg)(O) at K — oo, we use Eq. (21). This equation contains three different
correlations: (fi<g), (R<xf<k), and Z|k|<K<ﬁkﬁk>~ We analyze each of this correlations in turn. We start with the
correlation (f<), for which we have at K — oo
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where we used the approximation | < (f)n & N and Eq. (22). Similarly, we consider the correlation at K — oo
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where we used the approximation (fi<xf<x)y ~ N? and Eq. (22). Finally, we consider
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where fx = (hwx — hwk—o0)/kpT. From Eq. (S29), we can prove that
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where (fjx=x)n is (k) at k| = K. To find the asymptotic for }- < x (kfik), we use Eq. (S30) and the following
approximate expressions that are valid above the condensation threshold
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where we used Eq. (S22). As a result, we obtain
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Finally, we substitute Eq. (526), Eq. (S27), and Eq. (S33) into Eq. (21) and obtain Eq. (24).

[1] Vladislav Yu. Shishkov, Evgeny S. Andrianov, Anton V. Zasedatelev, Pavlos G. Lagoudakis, and Yurii E. Lozovik.
“Exact Analytical Solution for the Density Matrix of a Nonequilibrium Polariton Bose-Einstein Condensate”. In:
Phys. Rev. Lett. 128 (6 Feb. 2022), p. 065301.

[2] V. Yu. Shishkov, E. S. Andrianov, and Yu. E. Lozovik. “Analytical framework for non-equilibrium phase transition
to Bose—Einstein condensate”. In: Quantum 6 (May 2022), p. 719. 1sSN: 2521-327X.

[3] Fabrice P Laussy. “A Quantum Theory for Bose-Einstein Condensation of the Ideal Gas”. In: Quantum Views 6
(2022), p. 67.



