Supplementary Material to the article “On thermal Hall effect in boson systems”

In this part we provide a detailed derivation of our result for the quantity M| in (20). We note that our index n in
Eq. (15) corresponds to both the wave-vector in the Brillouin zone and the spin wave band number n in notation of
[1]. The identification of our T,, with the matrix Tk shows the equivalence of the first line in our (20) with Eq. (D3)
in [1].

We consider the quantity
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The 2x2 matrix (...),, here may be represented as follows
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Now using Eq. (11) we express (03" )pm in terms of the matrix elements of V'

—i . .
UB(O—STV)nmU3 = 5 3 {En(vy)nmUS + UB(VV)nmEm] 5
€~ Em
; (54)
03(037" )mn0o3 = 22 2 {511 o3(V")mn +€m (V”)mnffi’)} )
so that Eq. (S3) becomes
= (v v 7 7L V42 v
Cnn = Z 6% — egn |:_ (En(v )nma?) + US(V )nmgm) (Vl )mn + (VA )nm (En UB(V )mn + Em (V )mn03)1|
= (v v ¥ (7 L v v ¥
:Z 5121 — %n [En((v )nmU3(V )mn - (V )nmUS(V“)mn) + Em (03(Vl )nm(v )mn - (V )nm(vu)anS)} .
(S5)
. o N(epn), 0 ] .
Using a formula similar to (24), we represent ( 0,  N(en)+ 1) = (N(en)+ %)00 - %0’3- The structure of matrices
(V”)nm, Eq. (13), results in Tr[Cp,03] = 0. We obtain at this stage
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Simple calculation shows that
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which is Eq. (20) in the main text. It looks different from Eq. (D13) in [1].
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